In this paper we study the type of completely specified displacements of a rigid body where the distances of six points on the body, between their final and initial positions, have been specified. A method is presented to calculate the screws associated with these displacements. It is shown that there are 24 different screws at the most that will bring the rigid body from the initial to its final position to satisfy the six distances. If the six points are co-planar or symmetrical with respect to a plane then the number of screws reduces to 16. The method to calculate the screws associated with these completely specified displacements, is used to obtain a simple algebraic solution to the direct kinematics problem of a special type of in-parallel mechanisms: the mechanisms where the moving and the fixed platforms are the same.
INTRODUCTION
Completely specified are called the displacements of a rigid body that are described by six parameters (Tsai and Roth, 1973.) In this paper, we study the class of rigid body completely specified displacements where the distances of six points on the body, between their final and initial positions, are specified. A method is presented to calculate the screws associated with this displacement. The proposed method can be used to obtain an algebraic solution to the direct kinematics problem of a special type of in-parallel mechanisms. Chasles (1831) determined that the general two position displacement in three-space of a rigid body can be represented by a translation along and a rotation around a unique axis. Rodriguez (1840) derived the formulas to calculate the unique screw axis and the screw parameters of the finite displacement of a rigid body between an initial and final position when the coordinates of three points on the body at its final position are defined, which means that 6 independent conditions are specified. Ball (1903) introduced the mathematical concept of "screw" to describe the kinematics of a rigid body. Screw theory and screw systems have been used extensively to study the rigid body infinitesimal displacements (Hunt, 1978; Phillips, 1984 and 1990.) Recent work by Parkin (1992) has shown that screw theory can be used to study finite displacements of a rigid body. Tsai and Roth (1973) studied the two position displacement of a rigid body when less than 6 conditions are specified. They called these displacements "incompletely specified". An example of an incompletely specified displacement is when the location of a line on the body at its final position is defined. In incompletely specified displacements there is an infinite number of screws that will bring the rigid body from its initial position to its final position. Huang and Roth (1994) and Hunt and Parkin (1995) studied the incompletely specified displacements of a rigid body using screw theory.
The finite displacement of a rigid body in three or more positions has been studied extensively by Roth. Using a concept originated by Halphen (1882) , Roth (1967a) developed the screw triangle as a tool in kinematics to study three consecutive finite displacements of a rigid body in three dimensional space. The screw triangle concept was extended to screw polygons for the study of n finite displacements of a rigid body (Roth, 1967b.) Recently, Mavroidis and Roth (1997) proposed a general method to analyze the generic geometric structure of screw polygons.
A detailed description of the study of finite displacements of rigid bodies can be found in (Bottema and Roth, 1979.) It is generally believed that in two-positions completely specified displacements, there is a unique screw that will bring the rigid body from the initial position to the final position. However, there are completely specified displacements, that have not been studied before, where a finite number of screws is associated with the displacement of the rigid body.
In this paper, the completely specified displacements of a rigid body where the distances of six points on the body are defined between the final and initial position, are studied. It is shown that, at the most, there are six screw axes associated with this displacement. For each screw axis there are 4 possible sets of screw parameters (an angle around and a distance along the axis.) So there are 24 different screws at the most that will bring the rigid body from the initial to its final position. The methodology to obtain algebraically the 24 screws is described in details. This procedure, after an elimination phase, culminates at the calculation of a sixth degree characteristic polynomial in one of the screw axis parameters. It is also shown that if the six points are co-planar or symmetrical with respect to a plane the maximum number of screws is reduced to 16. The methods presented here improve the work of Mavroidis (1997) where the polynomial elimination procedure that was implemented, created extraneous roots at the characteristic polynomial.
The completely specified displacements studied in this paper are related to the direct kinematics problem of in-parallel mechanisms. This is the problem of calculating the position and orientation of a platform given the lengths of six legs that connect six points of the moving platform to six points of a fixed platform. This problem has attracted the efforts of many researchers during the last 10 years. A complete list of all possible references on in-parallel mechanisms, can be found in Merlet (1996) . It is known that this problem can have 40 solutions at the most (Raghavan, 1993; Wampler 1996 .) An algebraic solution has been obtained for the most general in-parallel mechanisms (Husty, 1996 .) However, the proposed solution needs to calculate intermediate polynomials of 320th degree. This makes its practical implementation very difficult.
Recently, two new algebraic methods have been proposed to solve the direct kinematics of inparallel mechanisms (Innocenti, 1998b; Dhingra, Almadi and Kohli, 1998) .
The method to calculate the screws associated with the completely specified displacements of a rigid body, that are studied in this paper, can be used to obtain a simple algebraic solution to the direct kinematics problem of a special type of in-parallel mechanisms: the mechanisms where the moving platform and the fixed platform are the same (note: the points of the platforms need not to be coplanar.) In this case, the moving platform can be considered to be a rigid body being displaced in a final position from an initial position that is the location of the fixed based platform.
The lengths of the six legs are the six known distances needed to calculate the screws associated with the displacement of the moving platform. There are 24 distinct locations of the moving platform at the most, for the same set of six lengths. Each location corresponds to each one of the 24 screws that are calculated for the displacement of the moving platform being considered as a rigid body. Innocenti (1998a) , working independently and in a parallel work, proposed a different method to solve the direct kinematics problem of the special type of in-parallel mechanisms that are studied in this paper. He also showed that this problem can have at the most 24 solutions and he presented a numerical example with 24 real roots. It has to be noted that there are several "singular" locations of the moving platform of the special type of in-parallel mechanisms that are studied in this paper where there is an infinite number of solutions to the direct kinematics problem Husty, 1996 and 1997) .
PROBLEM FORMULATION
Consider a rigid body that is displaced from an initial position I to a final position F as it is shown in Figure 1 . A reference system R f is defined on the body and moves with it while a fixed reference system R i is defined at the initial position I of the body. Both frames coincide at the initial position. Six points on the body are selected: points B j with j equal from 1 to 6. A superscript i or f will be assigned to each point B j to denote the position of the body i.e. initial or final respectively.
The coordinates of points B j i and B j f are expressed in frame R i .
It is known by Chasles (1831) that the displacement of the rigid body between any two positions is a screw displacement. The rigid body rotates an angle φ and translates a distance ρ along a specific axis ε in space called the displacement screw axis. Parameters φ and ρ are called the displacement screw parameters. It is desired to determine the screw axis ε and the screw parameters φ and ρ that correspond to a displacement of the rigid body when the distances between the initial and final position of the selected six points are known.
In this work, the relative position of the screw axis ε with respect to axis Z i of the reference system R i is described using the Denavit and Hartenberg parameters (Denavit and Hartenberg, 1955 .) These parameters were previously used to describe the relative positions of links and joint axes in the geometric description of mechanisms. Here, they are used to describe the relative position of any line ε in three dimensional space with respect to another line Z i as it is shown in On the screw axis ε, a reference system R ε is defined so that unit vector Z ε is along the screw axis with the positive direction arbitrarily chosen, the unit vector X ε is along the common perpendicular of axis ε and Z i with its positive direction defined by the cross product of Z ε and Z i .
The origin O ε of frame R ε is defined at the intersection of the screw axis ε and its common perpendicular with Z i ( There are six equations that will be used to calculate the unknowns. These equations are obtained from the length constraints for the displacement of each point B j :
where the 4x1 homogeneous vector B j f = [x j f , y j f , z j f , 1 ] T is composed of the three coordinates of point B j at its final location and the homogeneous coordinate 1 1 .
Each point B j f is obtained when point B j i rotates an angle φ around axis ε and translates a distance ρ along axis ε. This displacement is represented in frame R ε by the 4x4 homogeneous matrix R:
1 In equation (1), B j f and B j i are 4x1 homogeneous vectors. In practice, in order to calculate the magnitude, only the first three coordinates of these vectors are needed. However, for reasons of uniformity of the mathematical expressions in the paper, the four dimensional homogeneous space is assumed in equation (1). This assumption is correct since the fourth coordinate of the vector B j f -B j i is equal to zero, and therefore its length in the four dimensional homogeneous space is the same as its length in the three dimensional space.
where c φ =cos(φ) and s φ =sin(φ).
Then the coordinates of the position vector B j f , are obtained from those of B j i using the following formula:
Equation (2) means that the coordinates of the position vector B j i , which are initially expressed with respect to the fixed frame R i , are calculated with respect to the screw axis frame R ε by multiplying with matrix A -1 . Then, multiplication with matrix R, takes into account the screw displacement in frame R ε and results in the coordinates of position vector B j f in frame R ε . Then, by multiplying with matrix A, the coordinates of position vector B j f are obtained in the fixed frame R i .
If equation (2) is substituted into equation (1) then:
(see also footnote 1 .)
Therefore, the problem of determining the screw associated with the displacement of a rigid body when the distances of six points on the body between its initial and final positions are given, is mathematically expressed in terms of six equations of the type of equation (3) in six unknowns:
α, a, θ, d, φ and ρ. The six equations are highly coupled and non-linear, therefore their solution is a non-trivial problem to solve.
ELIMINATION METHOD
In kinematics it is very common to obtain highly coupled, non-linear sets of equations.
Elimination techniques have been used to decouple these equations and obtain only one polynomial equation in one unknown. Most of these techniques are based on Sylvester's Dyalitic Elimination procedure (Salmon, 1964 .) A general elimination procedure for sets of polynomial equations and a list of applications of this procedure to solve problems in kinematics and mechanisms analysis is presented in Raghavan and Roth (1995) .
The general steps of the elimination procedure, as they are described in Raghavan and Roth (1995) , are: Steps (a) and (b) of this elimination procedure are used in this problem and equation (3) can be written as:
where L j is the 1x8 vector of coefficients and X 1 is the 8x1 vector of power products:
, -4(cx j +sy j ), -2(-sx j +cy j ) 2 +2z j 2 , -4 z j , 4(-sx j +cy j )z j , -4(-sx j +cy j ), -l j 2 ]
(Note x j , y j and z j are the coordinates of B j in the initial position -the superscript i is not used in the rest of the paper.)
In equation (4), the suppressed variable is θ because it was found that for this variable the number of power products is minimum. Subscript j takes values from 1 to 6, so there are six equations (4) and 8 power products. The first element of vector L j is constant for all six equations.
If one of the equations, for example the first, is subtracted from the other five, a set of five equations in seven power products is obtained:
where:
and
In Equation (5), subscript j takes values from 2 to 6.
In this paper, in order to obtain additional equations, a new elimination procedure has been developed to solve this problem. The general steps of this procedure and their application to the problem studied here are described next:
•
Suppress more than one unknowns in the coefficients
If n is the total number of equations, suppress as many unknowns in the coefficients as they are needed to obtain n-1 power products.
In this problem, there are 5 equations (5). It was found that if α and θ, are suppressed in the coefficients, then equations (5) are written with four power products:
where X 3 is the new 4x1 vector of power products:
The elements of vector N j are functions of the suppressed variables α and θ and of the known geometric data of the problem. As in equation (5), subscript j takes values from 2 to 6.
Obtain all equations in the suppressed variables
From the n equations with n-1 power products, select all n sets of n-1 equations. For each set of n-1 equations in n-1 power products, form an homogeneous system and set its determinant to zero. This will give n equations in the two suppressed variables. Not all of these equations are independent.
For the problem studied in this paper, there are 5 equations (6) and there are 4 power products. Five sets of 4 equations in 4 power products can be selected. From each set of equations the determinant of the homogeneous system that is formed gives one resultant equation in the two suppressed variables. In this equation, one of the suppressed unknowns is suppressed a second time in the coefficients while the other forms new power products. The suppressed variable was chosen to be θ and α was the variable that formed the power products. Then, the resultant equation takes the following form:
where X 4 =[ µ 3 , λµ 2 , µ, λ ] T is the 4x1 vector of power products, and P k is the 1x4 vector of coefficients whose elements depend on the sine and cosine of θ.
In equation (7), the common factor µ corresponds to the special value of α equal to 0°w
hich represents the special case where one of the screw axis associated with the displacement of the rigid body is parallel to Z i , the z axis of reference system R i . Since reference system R i is chosen in an arbitrary way, this is unlikely to happen. If however it happens, then an infinite number of other locations of R i can be found where this special configuration does not occur and the solution process can be performed as it is described in this section. So the solution α=0°, due to the factor µ in equation (7), does not change the total number of solutions to the problem or the solution process. Therefore, in the rest of the paper, with no loss of generality, it is assumed that α is not zero.
In total, there are 5 equations (7). The subscript k takes values from 1 to 5 to denote each time which set of 4 equations has been selected from the 5 equations (6) (k=1 corresponds to the set of equations (6) independent equations correspond to k=1, 2, 3 and can be written as:
Using classical dyalitic elimination, obtain one equation in one variable
Classical dyalitic elimination is used to obtain one equation in one unknown from the three independent equations (8). The last term of equations (8) (9) where: X 5 =[ µ 2 , µλ, 1 ] T and Q is a 2x3 matrix that depends on the sine and cosine of θ.
The following trigonometric substitutions are made in the elements of X 5 :
where t=tg(α). Clearing the denominator introduced by (10), equation (9) becomes:
where X 6 =[ t 2 , t, 1 ] T and S is a 2 x 3 matrix whose elements depend on the sine and cosine of θ.
Multiplying equation (11) (13) where b i , with i=0,1,..,6, are known coefficients. The following trigonometric substitutions are made in equation (13):
where: x= tg(θ). These substitutions, result in a 6th degree polynomial in x, called the characteristic polynomial:
k 6 x 6 + k 5 x 5 + .... + k 1 x + k 0 =0 (15) Each one of the real roots of the characteristic polynomial will give two solutions for θ: θ 1 and θ 2 that satisfy the property θ 2 = θ 1 + π. Using the constraint that θ should be between -π/2 and π/2 to avoid redundant representation of the same configuration using Denavit and Hartenberg parameters (see also section 2) only one of the two solutions of θ is chosen. So from the roots of the characteristic polynomial, six real solutions for θ can be obtained at the most.
• Back substitution
Each real value of θ that lies in the range between -π/2 and π/2 is substituted, in equation (12). The elements of matrix Σ are now known and the elements of X 7 can be calculated by solving a linear system. From X 7 , one value for t=tg(α) is obtained. For the same reasons as above, only the value of α in the range between -π/2 and π/2 is considered. Then, each value of α and θ, is substituted in equations (6). The elements of N j are known, and by solving a linear system, one value for a, d and c φ is calculated. The cosine of φ gives two opposite sign solutions for φ which both are possible solutions to the problem. The obvious constraint at this step is that c φ ≤ 1 . Each value of α, θ, a, d and φ is substituted in equations (4). From one of these equations one value is calculated for ρ 2 which gives two opposite sign values for ρ. Both of these values are possible solutions to the problem. Obviously, the constraint is that ρ 2 should be positive or zero for all equations (4).
• Summary
The method to calculate the screw axis parameters (a, (-φ, -ρ). Therefore there are 24 screws at the most that will bring the rigid body from the initial position to a final position under the constraints of the six lengths.
SPECIAL CASES
In section 3 it was shown that there are 24 screws at the most, that will bring the rigid body in 24 distinct locations that satisfy the six distance constraints. This number of screws is true when the location of the selected six points don't satisfy any special conditions. If however, special relationships between the six points exist, then the number of screws reduces. It was found that two main special conditions reduce the number of associated screws: a) if all six points are coplanar, b) if the six points in pairs are symmetrical with respect to a plane. In both cases the number of screws reduces to 16.
It can be shown that in both special cases, the characteristic polynomial becomes a second degree polynomial in x=tg(θ) that can give two real solutions for θ in the range -π/2 and π/2 at the most. For each θ, a second degree polynomial in t=tg(α) is obtained. Hence, for each θ, two values of α can be obtained. For each set of α and θ, one value is obtained for a, d, c φ . In total, there are four distinct screws axes that can be calculated. As in the general case (see section 3), for each screw axis there are four possible sets of screw parameters (φ, ρ). Therefore, the maximum number of screws is 16.
Symmetry or co-planarity of the selected six points reduce the number of screws associated with the displacement of the rigid body that satisfy the six length constraints. There may be other special conditions between the selected six points of the rigid body that reduce the number of associated screws. The complete listing of these special cases is out of the scope of this paper.
DIRECT KINEMATICS OF IN-PARALLEL MECHANISMS
The study of completely specified displacements that satisfy six length constraints and the method presented in sections 2 and 3 to calculate the screws associated with this displacement can be applied to solve the direct kinematics problem of a special type of in-parallel mechanisms: the mechanisms where the moving platform and the fixed platform are exactly the same.
In Figure 3 , a schematic of such an in-parallel mechanism is shown. As in the general case, these mechanisms consist of a moving platform and a fixed platform. A reference system R i is defined on the fixed platform and a reference system R f is defined on the moving platform. The two platforms are connected with six legs that can change lengths. The six legs are actuated with prismatic actuators and they are connected to the two platforms using unactuated spherical joints.
The connection points of the legs to the fixed platform are called B j and the connection points of the legs to the moving platform are called P j where subscript j takes values from 1 to 6. Points B j and P j are chosen arbitrarily in reference systems R i and R f respectively and in general they do not need to be co-planar or symmetrical. The special condition satisfied by the in-parallel mechanisms studied here, is that when the two platforms are superimposed, corresponding points P j and B j are coincident. The fixed platform is a rigid body in its initial position while the moving platform represents the same rigid body in its final position. The lengths of the six legs represent the distances of six points on the body between their initial and final positions. Using the method described in sections 2 and 3, the screws associated with this displacement are calculated. Using equation (2) the coordinates of points P j in frame R i are found and from these coordinates the position and orientation of frame R f with respect to frame R i can be calculated. As it was shown that the maximum number of screws associated with the displacement of the rigid body is 24, then the direct kinematics problem for the in-parallel mechanisms studied here, can have 24 solutions at the most. This result agrees with Innocenti (1998) who solved this problem with a different method and also showed that it can have 24 solutions. In the special cases where points P j and B j are co-planar or symmetrical with respect to a plane, the total number of solutions drops to 16 3 .
EXAMPLE PROBLEM
A numerical example is presented in this section to illustrate the method. , 1981-95) . The calculations were performed using twenty digits. Here, the results are presented using only six decimal places. The screws associated with this displacement of the moving platform are described with the four Denavit and Hartenberg parameters (α, a, θ, d) that represent uniquely the screw axis in reference system R i and the two screw parameters (φ, ρ) that represent the rotation and translation of the rigid body around the screw axis. Using the method described in sections 2 and 3, the following 6 th degree polynomial is calculated in x=tan(θ): This polynomial has 2 real roots for tan(θ):0.577350, 0.187507. These roots give the following values for θ: 30° and 10.620089°. This means that there are only two screw axes that will bring the moving platform from the initial location to a final location that satisfies the desired length conditions. For each screw axis, there are four sets (φ, ρ). So in total there are eight screws.
The values of the screw axis parameters (θ, α, a, d) and of the screw parameters φ and ρ are presented in Table 2 . The coordinates of points B j for each one of the solutions are shown in Tables 3 and 4 . 
CONCLUSIONS
The completely specified displacements of a rigid body, when six distances are specified between the initial and final position of six points, has been studied. A method was presented to calculate the screws associated with this displacement. It was shown that there are six screw axes at the most with four possible sets of screw parameters per axis. Therefore, the maximum number of screws, that displace the rigid body from an initial position to a final position satisfying the six distances, is 24. The method to calculate the displacement screws was used to obtain a simple algebraic solution to the direct kinematics problem of a special type of in-parallel mechanisms where the moving and fixed platforms are the same.
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